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It is proposed that the atomic optical system of an ytterbium atom in a time-dependent optical
standing wave be used to experimentally observe quantum nonlinear motion and, in particular, pre-
dict the quantum behavior of a system whose classical analog ranges from completely integrable, to
near integrable, and finally to globally chaotic motion. We extend previous treatments to include
spontaneous emission. From the study of theoretical models of dissipative quantum nonlinear mo-
tion, it is known that even small amounts of dissipation can significantly alter the quantum dynamics
through the destruction of coherences. In this paper we present some theoretical and numerical re-
sults of the effect of spontaneous emission on nonlinear nonintegrable dynamics in atomic optics.
When spontaneous emission is included, we show that the nature of the light-atom interaction in-
troduces interesting features not usually investigated in models of dissipative quantum nonlinear
dynamics. These include a potential that depends on the atom's internal state, a band structure,
and a time-dependent dissipative process.
PACS number(s): 42.50.Vk, 05.45.+b
I. INTRODUCTION
In the absence of spontaneous emission the Hamilto-
nian for a two-level atom in a time-independent standing
wave is the nonlinear pendulum. Thus it is the paradigm
of regular, integrable motion. Because the frequency of
the classical motion depends upon the state's energy, the
motion of a classical phase space distribution is regu-
lar but nonlinear, and over many classical periods it is
smeared out over the classical trajectories on which it
has support. In quantum mechanics a bounded wave
packet possesses a finite number of energies; thus its mo-
tion is always quasiperiodic. For the quantum nonlinear
pendulum a wave packet localized in the region of classi-
cal libration will undergo a regular series of collapses and
partial or fractional revivals on a time scale T„ typically
much greater than the classical period T,j but decreasing
with the increase in nonlinearity and Planck's constant
[1,2]. The collapses are due to the classical-type smear-
ing of the wave packet over the curves of constant energy,
but the fractional revivals are a purely quantum mechan-
ical result which are due to the superposition principle
and the finite number of frequencies which enable the
smeared. wave packet to recombine and form a coherent
superposition of near copies of the original localized dis-
tribution.
If the intensity of the standing wave is periodically
modulated, the classical description of the motion is no
longer completely regular. Classically one observes a re-
gion of chaotic trajectories separating regular libration
from regular rotation [3] and bounded by Kolmogorov-
Arnol'd-Moser (KAM) trajectories. This mixture of reg-
ular and stochastic trajectories is a property of near-
integrable Hamiltonians [4]. For moderate perturbation
strengths there will appear stable and unstable fixed
points of the stroboscopic mapping. These fixed points
are the result of a nonlinear resonance, where the classical
frequency is a rational multiple of the driving frequency
and the classical trajectories change their topology. Clas-
sical phase space distributions localized on a stable reso-
nance remain localized and are not significantly smeared
out over time. The concept of a nonlinear resonance is
also important when the system is quantized. There is a
quantum analog of classical canonical perturbation the-
ory [5] which predicts that when the quantum frequency
spacing between two states is a rational multiple of the
driving frequency the perturbed quasienergy states must
be thought of as a coherent superposition of the two
original stationary states. It is important to remember
that an exact quantum resonance is an extremely unlikely
event because quantum frequencies are not a continuum
for bound states. With this in mind it is generally true
that for systems that may be treated semiclassically near-
resonant denominators occur whenever there is a classi-
cal nonlinear resonance nearby in energy. In this case
one observes that the topography of the Husimi func-
tion of the quasienergy state changes from a distribution
localized on the classical constant energy curve to show-
ing peaks at the classical periodic points. Once again
for short times quantum wave packets localized on these
resonances will remain localized, but small differences in
the quasienergies and the existence of a parity symme-
try mean that quantum states may tunnel to fixed points
localized on the same island chain [3,6,7].
If the strength of the modulation is sufBciently great
resonances may overlap and the classical motion of points
within this region becomes chaotic. Before resonance
overlap chaotic trajectories are confined to small regions
of phase space bounded by regular (KAM) trajectories.
After resonance overlap chaotic trajectories occupy a
much larger region of phase space, a situation which is
called global stochasticity [4]. Graham et al. [8] have
shown theoretically that when the intensity of the stand-
ing wave is held fixed but the position of the standing
1050-2947/95/51(4)/3136(12)/$06. 00 3136 1995 The American Physical Society
51 DISSIPATIVE NONLINEAR QUANTUM DYNAMICS IN ATOMIC. . . 3137
wave nodes is modulated with a large amplitude the re-
gion of regular bounded motion is completely destroyed,
and one sees a region of global chaos bounded by regu-
lar rotation trajectories. Classical motion in a region of
global chaos may be approximated by a diffusion in mo-
mentum out to the boundaries of the chaotic sea, with the
diffusion constant depending on the driving parameters.
The quantum dynamics of a wave packet can be very dif-
ferent, however. Graham et al. found that the scattered
momentum distribution of the quantized system will ini-
tially show diffusion but will then become localized in a
region smaller than the classical boundary . This is an
example of dynamic localization [9—11].
There must be serious modifications to the above dis-
cussion when dissipation is included. It is now known
that coherences are damped at a much faster rate than
the diagonal elements [6,7] and this damping becomes
worse the smaller the affective Planck's constant be-
comes. Since fractional revivals and coherent tunneling
depend upon interference phenomena they can be drasti-
cally afFected by even very small amounts of dissipation.
Dittrich and Graham have studied the quantum dynam-
ics of the dissipative standard map [12]. They found
that the efFect of the destruction of coherent motion on
dynamic localization was to restore the diffusive increase
in the momentum variance. For small amounts of dissi-
pation the new diffusion constant was smaller than the
classical value.
The abave proposals for experimentally observing
quantum nonlinear behavior have considered the atom-
field interaction in the large detuning limit. Here the
laser-atom detuning 4 is taken to be much larger than
the spontaneous emission rate p and the Rabi frequency0 so that to the lowest order of approximation sponta-
neous emission can be neglected. At the next order of ap-
proximation spontaneous emission is manifested as an in-
coherent stimulated absorption process from the ground
to the excited state and the usual spontaneous decay from
the excited to the ground state.
When the atom makes a transition between its inter-
nal states the sign of the gradient force changes. This
means that even in the limit that the center-of-mass mo-
tion can be treated classically the Hamiltonian evolution
becomes entangled with the atom's internal state and is
thus stochastic. This dynamics is fundamentally different
from the models usually considered in quantum chaos,
where the Hamiltonian evolution is always deterministic
and acts independently of any stochastic process.
Many other models assume that, for sufIiciently short
times, the dissipative processes, be they classical or quan-
tum mechanical, may be regarded as time independent.
As the term "incoherent stimulated absorption" suggests,
the rate of transition from the ground to the excited state
of the atom depends on the local intensity, which in the
cases considered in this paper may vary periodically in
time. Furthermore, as will be shown in the section on
quantum trajectories, the effect of quantum jumps on the
center-of-mass state depends on when they occur. So the
stochastic motion of a two-level atom in a time-dependent
field is explicitly time dependent, and is doubly so when
the motion is quantized.
II. ATOM MASTER EQUATION AND ITS
SOLUTION BY THE MONTE CARLO
WAVE-FUNCTION METHOD
In this section we give a brief presentation of the equa-
tions governing atomic dynamics in the limit of large de-
tuning and including the effect of spontaneous emission.
A more detailed account of their derivation can be found
in Refs. [13,14]. In these equations the center-of-mass
motion will be treated quantum mechanically.
We consider the ideal case of a two-level atom with a
bare internal ground state
~a) and excited state ~b). Let I,
be its mass and p denote the excited state spontaneous
emission rate. The atom is taken to be in a standing
wave electromagnetic field with wave number k and Rabi
frequency 0 detuned by an amount 4 from the atomic
transition. I.et p denote the density operator describing
both the internal and center-of-mass states of the atom.
In the limit that 4 is much larger than 0 and p, the
reduced center-of-mass density operators p = (a~ p~a)
and p~ = (b~p~b) satisfy the coupled differential equations
dp~ i p F
dr K
—+ 2 S(j),p + I'JVpb
--, I(~(~) p-) —2~(~)A~(~), , (2.1a)
dpb ~ I2 F 2
d~ K 2 ~v~2
——2 S(q), pb —I'pg
——[(~(~)' ps) —2~(~)p-~(~)] (2.1b)
where v = 1 —ip/2A and (, ) denotes the anti-
commutator. We have introduced the dimensionless
Strictly speaking, the motion of an atom in a periodic
standing wave is not that of a driven pendulum. Quan-
tum mechanically the spectrum of an atom in a periodic
potential displays band structure, and the wave-number
distribution is not confined to the integers but varies con-
tinuously over the Brillouin zone. So long as the atom
remains bound within a single standing wave minimum,
and over the time scales of the phenomena of interest
in this paper, to a good approximation the band struc-
ture can be neglected. However, when the standing wave
is periodically modulated it is important to take band
structure into account because low lying states may then
become coupled to unbounded states. As a consequence
the signatures of coherent motion become smeared out in
time because of the relatively large widths of the excited
energy bands.
The structure of this paper is as follows. In Sec. II we
introduce the quantum equations including spontaneous
emission and review their solution using the method of
Monte Carlo wave-function simulations. In Secs. III,
IV, and V we present the quantum mechanical calcula-
tions showing the effect of spontaneous emission on quan-
tum nonlinear motion for integrable, near-integrable, and
globally chaotic motion, respectively.
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frequency of the driving terms in this paper. This equa-
tion governs center-of-mass evolution along the axis de-
fined by the standing wave, taken to be the x axis. These
equations become theoretically much simpler if the atom
is assumed to remain stationary during its interaction
with the light field. This is called the Raman-Nath ap-
proximation and is often made in the study of atomic
scattering experiments [15,14]. In this work we do not
make the Raman-Nath approximation. The momentum
and position operators p and q satisfy the commutation
relation
[q, p] = iK. (2.2)
Thus K plays the role of a dimensionless Planck's con-
stant. S(q) is the mode function of the standing wave.
In this paper it has the general form
(q —A S1117')S(q) = g(1 —2e cos w) sin 2 (2 3)
When e = A = 0 then Eq. (2.3) describes the usual
time-independent standing wave. The case A = 0 de-
scribes a modulation of the standing wave intensity with
a relative strength 2e. The case e = 0 describes a modu-
lation of the standing wave nodes with amplitude A.
The superoperator JV describes spontaneous recoil
with the one-dimensional fluorescence photon momentum
distribution P(p) and with the action
K/2
JVpg = dpi'(p) exp (ipq) ps exp (—iraq).
—K/2
In this paper we will assume that the atom is initially
in its ground state. When the spontaneous emission rate
p is set to zero we recover the well known equations for a
ground-state two-level atom in the limit of large detuning
[16]. Without noise due to spontaneous emission the in-
ternal states are constants of the motion and the reduced
density operator p satisfies a Hamiltonian evolution in a
potential 2ES(q) /~v~ . When the effect of spontaneous
emission is included we see that it is now possible for
the atom to make an incoherent stimulated transition to
the excited state at a rate proportional to g. When the
atom enters the excited state the potential changes sign
to —2ES(q) /~v~ . After a time w of the order I' the
atom then makes a spontaneous transition back to the
ground state.
It is worth commenting on the apparent convict be-
tween the internal dynamics described above and the
dressed state picture presented in Ref. [17]. In the
dressed state picture most spontaneous emission events
do not change the type of dressed state occupied, and
therefore do not change the potential affecting the
dressed atom. The dressed potential only changes when
there is a transition between the normal and anomalous
dressed states. The transition from the anomalous to
the normal state is approximately equal to I', but in the
limit of large detuning the transition from the normal to
a -4 b,
bA , a
bAa.
These two jump processes proceed at the rates
E [d~ ] = q(&IS(q)'I&)«
E [d&2] = I'd~.
(2.5a)
(2.5b)
(2.5c)
(2.6a)
(2.6b)
Here E[] denotes an ensemble average. The center-
of-mass state evolves according to the un-normalized
stochastic Schrodinger equation
d~Q) = — d~H ~g) + ding — —1 ~vP)S(q)( V'(S(q)') )
(exp (ipq/K)
v'(&I&)
(2.7)
which should be interpreted as the explicit stochastic dif-
ferential equation of Ref. [22] and (S(q) ) = (@~S(q) ~@).
This equation does not preserve the normalization of the
state
~Q). This will be important when we come to gen-
the anomalous state is proportional to the square of the
intensity. This is much slower than the incoherent tran-
sition from the ground to the excited state described in
Eq. (2.la) which is linear in the laser intensity.
Equations (2.1a) and (2.lb) govern the evolution of the
populations of the bare states. This is the source of the
apparent conHict between the two pictures of atomic dy-
namics. These equations can be derived from the dressed
state master equation given in Ref. [17] by transforming
it from the dressed to the bare representation. This we
show in Appendix A.
The master equation Eq. (2.1) has not been solved ex-
actly for the case of a standing wave. Although it is
true that a numerical integration of these equations is
feasible in the Raman-Nath regime [13], a full numerical
integration would require a very large amount of com-
puter memory. The quantum simulation using a stochas-
tic Schrodinger equation has been developed in some de-
tail by Dum, Zoller, and Ritsch [18] and Mimer, Castin,
and Dalibard [19]. It has the advantage of requiring a
much smaller overhead in terms of computer memory al-
though this means that as well as worrying about the
accuracy and stability of our numerical routines we must
also make sure that the simulations have run over a large
enough number of trajectories to accurately reproduce
the ensemble averages. In our summary of the method of
quantum trajectories in atom optics we will use the no-
tation of point processes [20,21] which makes the quan-
tum simulation look formally very much like a classical
stochastic equation.
The quantum mechanical atom can be described by
its internal state o which may take on values a or 6 and
a center-of-mass state
~g). The internal state changes
according to the two jump processes Ki and N2, which
have the following actions:
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~: I&--)= (4'before l ~(q) l 4 before)
eXP (iPq/It ) I&b«o«)
(4'before !4before)
&2: l4erier) =
(2.8a)
crate the times for the jump Nq. The jump terms deter-
mine the state after a jump lg ri„) in terms of the state
befo re l@befo„) by
with the x axis, g, and in general it is cumcuit ro caicu-
late. The cumulative distribution for spontaneous emis-
sion in three dimensions is relatively straightforward to
And and in this paper we have generated y by ending the
three-dimensional spontaneous recoil and then projecting
it onto the x axis. Although this involves generating two
random numbers instead of one, it has the advantage of
allowing us to specify any value of g. By this method the
recoil momentum p is given by
where p is the random kick in momentum due to sponta-
neous recoil which satisfies p = K (cos (cos 8 + sin P sin 8 sin (), (2.12)
Prob(p, p+ dp) = y(p)dp. (2.9) where P C [0, 2vr] is a random angle with a uniform dis-
tribution and 0 is given by
The operator H is non-Hermitian and depends on the
internal state o as follows: f arccos (2y —1) + 47r l0 = arccos 2 cos
l
!3
(2.13)
~ + 2 —.S(q)z, o = a, (2.10)
So between jumps the state evolves in a complex sinu-
soidal potential as opposed to a real potential as in the
case when spontaneous emission is not included. The
imaginary part of the complex potential causes the nor-
malization of lg) to decay. This corresponds to the de-
creasing number of ensemble elements that have not de-
cayed up to time 7.. The effect of an Nq jump is not
only to change the internal state but also to change the
center-of-mass state into a superposition of a state which
receives a momentum kick of +K/2 and a state with a
momentum kick of —K/2. Because the function S(q) is
time dependent, it follows that the e8'ect of the jump on
the center-of-mass state depends on the time at which
it occurs. Because H is not Hermitian the norm of the
state l@) will decay (however, before average values are
calculated the state must be normalized). The curnula-
tive distribution function for the stimulated jump Nq is
given by
(2.11)
So we generate a random number z,q, which has a uni-
form distribution on the interval and, provided no spon-
taneous emission has occurred in the meantime, we inte-
grate the wave equation with generator H to the time
~ such that z,i; —1 —l(@(~)lg(r))l'. In this way we
compute when an atom makes a stimulated transition.
When the atom makes a transition to state 6 it is
easy to generate the random number 7 p & equal to the
time at which the atom spontaneously emits if it has
not made a transition Nq in the meantime. The dis-
tribution is given by I'exp (—I'T & i). The cumulative
distribution function for the spontaneous jump %2 is
P,
~
„ ( i)7= 1 —exp( —I'7,~ „i). To find the spontaneous
emission times w, p „& we generate a random number z,p
with a uniform distribution on the interval [0, 1] and then
invert the equation z,& „~ —1 —exp( —I'r, ~ „,).
The eÃect of spontaneous emission N2 is to change
the states momentum by the amount p. The cumulative
distribution for spontaneous emission in one dimension
depends upon the angle the atomic dipole vector makes
where y E [0, 1] is a random number with a uniform dis-
tribution. In our numerical calculations we have chosen( = ~/2.
To recover the center-of-mass density operator one
takes the ensemble average of the conditioned operators
P . P +. Pb (2.i4)
In our simulations we evolved a state l@) forward for a
time bt using the first order split operator method [23].
An increment of bt = 2vr/300 was found to be small
enough for the calculations in this paper. Then we calcu-
late the norm of lg(t+ht)) to see if a stimulated jump has
occurred and whether we reach the spontaneous emission
time t,p „q. If a jump occurs we apply the appropriate
transformation Eq. (2.8) in the momentum representa-
tion and then evolve the new state forward bt and so
on until it has been evolved forward the desired time.
The whole process is then repeated over many trajecto-
ries. For the parameters used in this paper we found that
1000 trajectories were sufBcient to ensure convergence.
In the following three sections the atom is initially in
a pure state. It starts oE in the ground state a with a
center-of-mass wave function in the momentum represen-
tation
2
(pl/(0)) = (27r8) '~ exp —iq, —. (2.i5)pK
III. INTEC RABLE MOTION
In the absence of spontaneous emission the classical
analog of the case e = A = 0 is just the nonlinear pen-
This is a minimum uncertainty state with means (p) =
po, (q) = qo, and a momentum variance of b. Using
pure states has the advantage that in our simulations we
only have to track a single center-of-mass state. In order
to take account of the band structure our calculations
have been done in the momentum representation with
momentum separated by half the width of the Brillouin
zone, K/2.
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dulum. This system is integrable because the classical
energy
2
E = —+2 sin2
2 /v/' 2
(3.1)
is a constant of the motion. The classical phase portrait is
given in Fig. 1 for the value E = 1.2. It consists of regions
of bounded motion (0 (E ( 2F) about the stable fixed
points (q, p) = (2vrm, 0) (m an integer) separated from
unbounded trajectories (E ) 2F) by the separatrix curve
E = 2I". This curve connects the unstable fixed points
(q, p) = (2am+ vr, 0) (m an integer). All trajectories are
regular and periodic.
Unlike motion in a harmonic oscillator, the frequency
of motion ~,1 depends on the trajectory's energy so that
Bu,i/BE g 0. For the nonlinear pendulum, u, i decreases
from w, i = ~F at the minimum (E = 0) to ur, i = 0 at the
separatrix. For the unbounded trajectories the frequency
increases monotonically with energy.
Consider the dynamics of a classical probability dis-
tribution localized in the bounded region of phase space
but having support on a continuous range of energies.
Because of the range of &equencies associated with the
spread in energy the distribution will become smeared
out over the trajectories on which it has support, form-
ing a pattern referred to as a "whorl" [24].
A quantum analog of the classical phase space distribu-
tion is the Husiini or Q function in quantum optics. For
the initial state
~vP) defined by Eq. (2.15) and following
Ref. [2] this is a bivariate Gaussian centered on (qp, pp)
with a position variance az —K/2~F + K2/4b' and mo-
mentum variance o„=K~F/2 + b. It was found in [2]
that a quantum wave packet localized in the bounded re-
gion of the quantum pendulum will exhibit full revivals
of the initial wave packet at times approximately equal to
the revival time T„„.The revival time is usually much
larger than the classical period T,i = 2vr/~, i but it is
related to it by [1]
There are special intermediate times w = M/NT„„
with M and N coprime integers where the quantum state
approximates a coherent superposition of L copies of the
original state, where
N, N odd,
N N even. (3.3)
Equation (3.3) predicts that at the time r = 1/4T„„ the
state will have evolved to a coherent superposition of two
well localized states.
It has been shown in [2] that with a well cooled and col-
limated beam of ytterbium atoms the fractional revival at
w = 1/4T„„could manifest itself as two well separated
peaks in the scattered momentum distribution or two
separate peaks for the center-of-mass Q function. For the
slightly different experimental parameters 0/27r =116
MHz, A/27r =2.9 GHz, ~/27r =120 kHz, p/2n =183 kHz,
and k =1.13x10 m, we have the dimensionless quan-
tities K = 0.25, F = 1.2, g = 6.1 x 10, and I' = 1.525.
For ease of comparison with results in [2] we use the
slightly different value K = 0.24 in our simulations. Us-
ing Eq. (3.2) the one-quarter fractional revival time is
estimated to be w 13 x 2m. The number of sponta-
neous emission events is roughly N,
~
„t = g7 = 0.05. In
Fig. 2 we show the momentum mean and variance for the
two calculations with and without spontaneous emission
for an initial state with (qp, pp) = (—1.5, 0) and h = 0.2.
Since we are not interested in the variation over one clas-
sical period, but rather the long-time evolution, we have
plotted the momentum statistics at times 7 = 2mr, with r
integer. For obvious reasons r is referred to as the strobe
number. The signature of a quarter &actional revival is
the rapid oscillation in momentum variance for r 13.
We see that for these parameters spontaneous emission
has not seriously disrupted the coherent motion and in
Fig. 3 and Fig. 4 the peaks in the momentum and atomic
Q function are still apparent.
Since fractional revivals are not destroyed by a small
amount of dissipation it is natural to estimate how robust
they are. Unfortunately, because the decay of the coher-
T. „=2T., I K ' I ~B(u.i lBE j (3.2)
As might be guessed from the appearance of the clas-
sical frequency this is a semiclassical approximation and
as such is good provided 1 && Ln (& n, where Ln is the
number of stationary states making up the wave packet
and n is the average quantum number of the wave packet.
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FIG. 1. Ground-state classical phase portrait of the sta-
tionary standing mave case. I' = 1.2, e = 0, and A = 0.
FIG. 2. Fractional revivals of a quantum state as reQected
in the momentum mean (p) and variance V(p). Solid line,
coherent motion; dashed line, spontaneous emission included
and I = 1.525, g = 6.1 x 10
3&41R UANTUM DYNAMICS IN ATOMIC. . .DISSIPATIVE NONLINEAR Q
1.5 2.0
1.5
1.0
1.0
0.5
0.0
0.0
-3.0 -2.0 -1.0 0.0 1.0 2.0 3.0
A
V
-0.5
at 7 = 4Trev& ps on-m distribution P(p)FIG. 3. Momentum i
n included.taneous emissio
2r..„=2& (~a,), (3 4)
ariable wh' h depends on the spread
kt Dt il ofthitial wave pac e . eenergy of the ini i
a B. To arrive at t is
in
d in Appen ix
}1 WKBtes the Wannier s a es
th 1 1
1px resses ma rix e
ms of c}assica} quanti ies.
[ ] oe i hthe met o oh d f Haake and others
at v = —T„, spontaneous emissionFIG. 4. Q function 7 4 „
included.
d namics of the quantum non inearences is
tic es impen
1 t' hoa sis of the reviva im
1'd f 1 h
E I h' h
miclassical estimate va i o
cited
Th h
amp'
ticall eliminate . i
db h huantum diffusion cause
]. W i11 1 og o P
'bl to i nore spon an
m-
it is permissiuLe g
uction of fractiona r1 evivals by exatimate the destruc io
1 ents of the center-
es i
of-mass density op erator expresse in
b d t a minimum of then atom oun a
b to hoootential, the appropria
27' Th 1 1 de the Wannier states [27&. ese
PP
ands is small. In t is ash"'n"'t bfor the quantum co erdamping rate e
-1.5
0 40 60
Strobe number
8020
s refIected inm ed fractional revlvap
ean and variance p .the momentum m (p)
g = 0.12.
ents of the center-of-massofdecayo o - if ff-diagonal elements e
density operator.
Fi s. 2, 3, and 4, DBi
f ' h"'n".d
acket used in g
isthat the rate o co0.05. This means
Equation (3.4)' ude smaller than g.an o g
the one-quar ert to destroy
q
'
we g P
t for t is va uerl
h entum variancethe oscillations ine ' ' ' t e mom
destroyed.
OTIONIV. NEAR--INTEGRABLE M
orres onds to modulating the inten-
g
is classica it is co
d b he ortrait genera es ro p p p
se s ace point q, p new ic
}1 ' do i F 6modulation. is is
= ~ d =02 }1 b
dan ' n. Elliptic fixe poin
(v, p)—
=(o+ ).
a f h tic trajectories.lar motion is
haotic regions, t e
= (o, + . ) k hv, s
a ter the destruction ofhllt tra'ectory u, ~ —1 . q,poare
in . As a consequen, ace amappin
re ular regions wi rem
domi-
the other [29,6,3 . is '
r difference e wb tween the two ith small quasienergy
1 d the stable fixedstates localize onnant quasistationary
mo e i ' ortant waysd 1 d'ffers in two impop
&om a ' in 3 . irs spthat considered
3142 S. DYRTING AND G. J. MILBURN
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FIG. 6. Ground-state classical stroboscopic portrait for
modulated intensity case. I" = 1.2, e = 0.2, and A = 0.
sion is present and secondly the atomic potential is not
the pendulum but rather a cosine and so band structure
may tend to smear out the coherent tunneling. To test
whether these two effects obscure coherent tunneling we
have done simulations using the atomic system of ytter-
bium mentioned in Sec. III with K = 0.25 and with an
initial wave packet localized in phase space at (qo, po) =
(0.0, 1.0) and a momentum variance of b = 0.04. For the
case e = 0.2 the classical stroboscopic portrait in Fig. 6
shows two nonlinear resonances at (q, p) (0.0, +1.2).
In Fig. 7 we have graphed the traces of momentum mean
and variance of the quantum pendulum, which has no
energy bands, and compared them with the coherent mo-
tion of an atom in a standing wave. For both cases we
see the signature of tunneling: a large negative mean
momeritum at strobe numbers r 125 accompanied by
a decrease in momentum variance. Note that when en-
ergy bands are included the variance has not decreased
to the same degree as for the quantum pendulum. In Fig.
8 we show quantum Monte Carlo simulations with and
without spontaneous emission. We still see definite signs
of coherent tunneling even when spontaneous emission is
included.
Although the semiclassical estimate of coherence de-
cay was derived for integrable motion, it is instructive
to see how good it is when the motion is near integrable
and when the dominant quasienergy states making up
0.5
V
a. 0.0
-0.5
-1.0
0
I
50 100
Strobe number
I
150 200
FIG. 8. Tunneling between second-order resonances as re-
flected in the momentum mean (p) and variance V(p). Solid
line, coherent motion; dashed line, with spontaneous emission
included and I" = 1.525, g = 6.1 x 10
V. GLOBALLY STOCHASTIC MOTION
The case ~ = 0 corresponds to a Inodulation of the
position of the standing wave nodes with an amplitude
A. For sufFiciently large A and in the absence of spon-
taneous emission the classical stroboscopic portrait dis-
plays global stochastic motion in the region
~p~ ( A. For
~p~ ) A the motion is approximately regular. In Fig. 10
the initial wave packet are well separated in phase space.
For the initial state the semiclassical estimate for the co-
herence damping rate in Eq. (3.4) gives I', q = 0.06@.
The time taken to tunnel to the opposite second-order
resonance is T = 125 x 2'. This implies that the value
g = 0.02 is required for the critical damping of the tun-
neling oscillations. To test the validity of the semiclassi-
cal estimate in Fig. 9 we have plotted the corresponding
momentum statistics as a function of the strobe num-
ber. This figure confirms that the coherent tunneling is
critically damped for this value of g.
1.5
1.0 3.0
0.5 2.0
0.0 1.0
0.5 0.0
V 0.0 0.5
-1.0
0
I
50 100
Strobe number
I
150
FIG. 7. The eKect of energy bands on coherent tunneling
between second-order resonances as reHected in the momen-
tum mean (p) and variance V(p). Solid line, bands included;
dashed line, no energy bands.
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FIG. 9. Critically damped tunneling as reQected in the mo-
mentum mean (p) and variance V(p). I' = 1.525 and g = 0.02.
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FIG. 10. Ground-state classical stroboscopic portrait for
modulated node case. I' = 1.2, e = 0.0, and A = 13.56.
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we show the classical stroboscopic phase portrait for the
parameters F = 1.2 and A = 13.56. The region
~p~ & 20
consists entirely of chaotic trajectories, this region being
bounded by regular trajectories.
In [8] Graham et al. theoretically modeled the coherent
scattering of ytterbium atoms from such a modulated
standing wave. If the motion is classical then a wave
packet initially localized in the region of global chaos will
exhibit diffusion in momentum given by a characteristic
diffusion rate D = & X(4n2F/gvrA). Here X has the
following form for 4vr2F/gmA & 4.5 [4]:
~(x) =1 —2J, (x) + 2J, (x)',
V(p) = 2(Kl) (5.2)
This is called dynamic localization and results from
the quantum mechanical interference of transition am-
plitudes with large changes in momentum [9,30]. Notice
that contrary to the classical case the stationary momen-
tum variance decreases with increasing A. Therefore a
clear distinction between classical and quantum behav-
ior should be observed when A is suKciently large. The
crossover point of classical and dynamic localization oc-
curs when
where J2(x) is the ordinary Bessel function of order 2. Af-
ter linear diffusion over the chaotic region the momentum
variance will reach the steady state value V(p) A /3.
In direct contrast to the classical motion, an initial state
localized near p = 0, and given by a linear superposi-
tion of l = AD/(2K2) Floquet states, first spreads out
by classical diffusion and then develops into an exponen-
tially localized distribution with a variance
FIG. 11. Dynamic localization of a quantum wave packet
with and without spontaneous emission. V(p) denotes the
momentum variance. Solid line, coherent motion; dashed
line, spontaneous emission included with I' = 1 ~ 5 and
g = 4.5 x 10;dot-dashed line, classical momentum variance
of 2000 points in phase space centered on (q, p) = (2.0, 0).
and for a state initially localized at (qo, po) = (2.0, 0.0),
b = 5.76 x 10, and for A = 13.56, which is well into the
quantum region. The state is centered on (q, p) = (2.0, 0)
to avoid the resonance that seems to be developing at
(q, p) = (0, 0). The classical curve was calculated by us-
ing Hamilton's equations to evolve 2000 points with an
initial distribution equal to the Q function of the initial
quantum state. We see that there is a clear distinction
between the classical and quantum localization, apparent
even before the classical system has reached its steady
state value of V(p) 61. Equation (5.2) predicts a vari-
ance of V(p) 11.0 arising from dynamic localization.
This is about twice as large as the value we have found
in our numerical work.
Dynamic localization is a coherent effect and noise due
to spontaneous emission must be kept low. For the spon-
taneous decay rate of ytterbium of p/2n =183 kHz, we
have spontaneous and stimulated rates of I' = 1.5 and
g = 4.5 x 10, respectively. In Fig. 11 we have calcu-
lated the effect of spontaneous emission on the dynamic
localization. We see that for the parameters considered
60.0
40.0
i
=0.f 4~'F' (5.3)
Graham et al. found that for ytterbium atoms op-
tically pumped to a two-state system with atomic fre-
quency wo/2n =5.40x 10 GHz passing through a stand-
ing wave with detuning 4/2vr =4.0 GHz, with Rabi fre-
quency 0/2vr =140 MHz and mirror driving &equency
of ur/2m =125 kHz, F = 1.2 and K = 0.24 and they
predicted that the classical to quantum crossover should
occur when A = 6.78.
In Fig. 11 we have graphed the classical and quantum
momentum variance V(p) for the parameters given above
20.0
0.0
0
I
50 100 150
Strobe number
FIG. 12 ~ Destruction of dynamic localization with in-
creased dissipation. V(p) denotes the momentum variance.
Solid line, g = 0.0; dashed line, g = 4.5 x 10; dot-dashed
line, g = 4.5 x 10 j long-dashed line, g = 4.5 x 10
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TABLE I. A comparison between dissipative diffusion rates
measured using regression analysis and the theoretical esti-
mate D,p „t. m, and r are the numerical diffusion rate and
correlation coefficient, respectively. Points with strobe num-
ber earlier than 50 have been dropped from the analysis.
fl
0.0
4.5 x 10
4.5x10
4.5 x 10
m
-0.005+0.001
0.002+0.001
0.050+0.001
0.228+0.001
-0.357
0.199
0.999
0.999
Dspont
0.0
0.008
0.078
0.780
2 2DSPont = ~'g~ (5.4)
We have measured the diffusion rates for the data given
in Fig. 12 using linear regression analysis. In this calcu-
lation the points with strobe number less than 50 have
been dropped. A comparison between measured diffusion
rates and Eq. (5.4) is given in Table I. Although Eq. (5.4)
gives a good estimate for the order of magnitude for the
diffusion rates it generally overestimates them. Unfortu-
nately, because the simulations take a long time to run,
we could not explore a larger range of the parameters A
and g.
by Graham et at. dynamic localization can still be clearly
observed. It is interesting to note that this system differs
in an essential way from dissipative quantum models so
far considered in the area of quantum chaos in that the
effect of stimulated jumps depends on the time at which
they occur.
It is instructive to increase the stimulated rate q by
factors of 10. In Fig. 12 we see that an increase in dis-
sipation does destroy localization. For strobe numbers
greater than 50 the momentum does increase linearly
but now quantum mechanics implies a decreased diffu-
sion constant. This has also been observed. in models of
the dissipatively kicked rotator [12]. Therefore even for
strongly dissipative systems in atomic optics a signature
of dynamic localization would be a decrease in the scat-
tered momentum diffusion rate. Dittrich and Graham
[12] have given a simple semiquantitative treatment of
dissipative diffusion in the quantum standard mapping
and we will now apply this estimate to our system. We
assume that the standing wave nodes oscillate so fast that
the rate of incoherent absorbtion from the ground state is
efFectively averaged over a single wavelength to give i1/2.
Following Haake [29] for weak dissipation and for times
much greater than the break time l the new diffusion rate
due to spontaneous emission is given by
nonlinear motion can still be observed. We have made a
semiclassical estimate of the damping rate of coherences
in the Wannier state basis and found it to give good es-
timates for the dissipation needed to destroy fractional
revivals and quantum tunneling. For strong dissipation
we have found that dynamic localization is manifested
as a decrease in the scattered momentum diffusion rate.
We believe that the nonlinear phenomena presented here
are of interest because they show the quantum mechan-
ical features of a system as it goes from integrable to
quasi-integrable and then globally chaotic motion.
Of great interest now would be to see how the quantum
motion is imprinted upon the fiuorescence spectrum and
to see if there are any transitions as the corresponding
classical system goes from integrable to globally chaotic.
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APPENDIX A: THE DRESSED STATE MASTER
EQUATION
E,„(x) = (n+1)ML, —
E,„(x) = (n+1)RuL, —
hh, hA(x)2+ 2
hA(x)
2 2
(A1)
(A2)
where O(x) = Q (x) + E and n is the number of
photons in the standing wave. In the semiclassical ap-
proximation x i.s treated classically and the atom moves
in an effective potential E,„(x) depending on its internal
state. The corresponding dressed states are
In this Appendix we show that the evolution equations
for the internal populations in the bare state representa-
tion follow from the dressed state master equation de-
rived in Ref. [17]. In the dressed state picture the spon-
taneous emission master equation is expressed in terms
of the eigenstates of the Hamiltonian of a two-level atom
coupled to the quantized modes of the standing wave.
Assuming the atom is at a axed position z the eigenen-
ergies are
VI. DISCUSSION
~
1, n; x) = cos O(x) ~b, n) + sin e(x)
~
a, n + 1),
~2, n; x) = —sin O(x) ~b, n) + cos O(x) ~a, n + 1),
where the angle e(x) is defined by
(A3)
(A4)
In this paper we have examined the effect of sponta-
neous emission on three examples of quantum nonlin-
ear dynamics in atomic optics by the numerical integra-
tion of the quantum master equation using the Monte
Carlo wave-function method. We have shown that for
the damping rate of a real atom the effects of quantum
cos 20(x) = —4/A(x),
sin20(x) = O(x)/A(x).
(A5a)
(A5b)
For positive detunings
~1, n; x) is sometimes called the
normal state [31]because an atom in the ground state en-
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p; = ) (i, n; xiRii, nx),
n=O
p;z —) (i, n; xiR~j, n; x),
n=O
is approximated by the equations
dpi
dt
dp2
dt Y12 (x)Pl (x) f21(x)P2 (z)
—io(x) —p, h(z) p12(x),
iA(x) —P, i, (x) P21(x).
Y12(x)P1(x) + +21(z)P2(z) (A8a)
(A8b)
(A8c)
(A8d)
tering a field in a number state in) will evolve into i1, n; z)
under the adiabatic approximation. An atom initially
in the excited state will evolve adiabatically into state
i2, n; x), and hence this dressed state is sometimes called
the anomalous state. Spontaneous emission is modeled
by including a term in the Hamiltonian describing the
interaction of the atom with the electromagnetic modes
of the vacuum. The lines in the spectrum of resonance
fluorescence are well resolved when O(x) )) p, and in this
regime the evolution of the dressed state populations and
coherences
dpab dpba
dt dt
(A12d)
dpb pB(x)2 pO(x)2™4+2 pb + 4+~ (A13a)
dpa dpb
dt (A13b)
Now substitute for the position-dependent Rabi fre-
quency O(z) = OS(2kx) and transform to dimension-
less units q = 2kx, 7 = wt Note. that ]vi2 1 so
that Eq. (A13a) then corresponds to Eq. (2.1a) when
the atomic position is treated classically as is done in the
semiclassical approximation.
APPENDIX B: DAMPING RATE OF THE
CENTER-OF-MASS COHERENCES
Notice that in going from the dressed to the bare rep-
resentation the rapidly rotating atomic coherence terms
are reintroduced into the evolution equations for the pop-
ulations. Once again they can be decoupled by making a
secular approximation. The bare state populations then
satisfy the equations
where the damping rates for the populations and coher-
ences are
p12(z) = csin o(z),
p21(x) = icos 8(x),
sin 8(x)p, h(x) = — 1 +2 2
(A9)
(A10)
(A11)
1 —A(x) /A pb + (pab + pba)
. A(x) A(x)
+& (Pba Pab) | (A12a)
dpa dpb
dt dt
—[1 —A(x) /A + 'fi( )/2dt 4 4
—[1+O(x) /Z —iA(x)/2 p4
——[1+A(x)'/b, '] + i Apb. —qO(x)'/4A'p. „
(A12b)
(A12c)
In Eqs. (A6) and (A7) R represents the density operator
for the the combined system of atom and quantized field.
To derive expressions (A8) one makes a secular approxi-
mation which decouples the evolution of the populations
from the evolution of the coherences. One can now use
Eqs. (A3) and (A4) to find the evolution of the bare
states. Consider the large detuning regime, A )) O(x), p.
After transforming (A8) to the bare state representation
and expanding terins to second order in A(x)/A, the evo-
lution of the populations and coherences is given by
In this Appendix we outline the semiclassical calcula-
tion of the damping rate of the center-of mass coherences.
Consider the Hamiltonian for the atom in the ground
state,
. , (qiH = —+2 sin
Since the potential function is periodic the spectrum
of K consists of a sequence of energy bands labeled by
a band number n =0,1,2, . . . and within each band the
energy E„(k) is a continuous function of the momentum
variable k which takes values in the region —K/2 to K/2,
the first Brillouin zone. The eigenstates ~E (k)) are de-
localized because of the translational symmetry. To de-
scribe the the motion of the atom in a potential minimum
it is more convenient to use the Wannier state basis iW„)
[27], found by integrating the stationary states over the
Brillouin zone:
Z/2
iW„) = dkiE„(k)).
—R/2
(B2)
These states form an orthonormal set localized at the
potential well centered on q = 0. Although they are not
strictly stationary states, they become stationary when
the width of the nth energy band goes to zero. This
corresponds to a low probability of the atom tunneling
to an adjacent minimum. This holds provided the atom
remains in low enough states. Let E denote the energy
of the state iW ) found by averaging over the energy of
the nth band. For bounded motion (E ( 2F/ivy ) and
large quantum numbers n we can estimate E using the
Bohr-Sommer feld quantization condition:
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I„=— p„(q)dq = K
~
n+ —
~
.
vr
(B3)
Here q is the classical turning point, I is the clas-
sical action corresponding to energy E„, and p„(q)
2 E —2I" sin (q/2)/]v]2 is the classical momentum.
We can also estimate the Wannier state wave function
W (q) = (q~W ) using the WKB approximation [28]:
n even,(—1)"' "„(,) o —' f.'p-(q)dq,W„q =~
(—1)( )r " " sin ~ f p„(q)dq, n odd. (B4)
If a(q) is an operator then we can make an estimate of its matrix elements in the Wannier state basis valid for
n && 1 and Ln (( n:
d0cos (An0) a(q(0, I„)), An even,
f d0 sin (An0) a(q(0, I„)), An odd. (B5)
q is regarded as a function of the classical action-angle variables I and 0. This is an example of the semiclassical
principle that matrix elements are given by the Fourier coeKcients of the classical observable with respect to the
classical angle variable [32]. Hence for the observable a(q) = sin (q/2) we have
where
(q) 0, An even,(W„+~„~sin
~
—
~
~W„) =(2) Dn(n)~
gran/2
B&„(n) = &(N) (&—Q~")'
—B
~„(n), Dn (0,
(B6)
(B7)
and
where
(W„„~sin
~
—
J
~W ) ="+ " (2 " 0, bnodd,
Q2n'+1
7r
rC(N)~ ) (1 Q2n~+y)2 &n'=0
OO
~2n'+i2~ql&~l
~n( ) = k rc(N)' - (1 Q2n'+1) (1 Q2J&nJ+2n'+y)n'=0 ~
[an) —i
q]An[ 1
(1 —q21&nJ+~) (1 Q2J&nJ —2n' —&) 'nl =0
An=O,
(B8)
Here N = E„~v~ /F, K(N) is the complete
elliptic integral of the first kind and Q
= exp —vrK(gl —N)/K(N) . Having estimated matrix
elements in the Wannier state basis, we are now in the
position to estimate the efFect of spontaneous emission
on the Wannier state coherences. In general, this is difIi-
cult to do because the atom can spend significant time in
the excited state where its Hamiltonian is difFerent Rom
Eq. (Bl). The estimation becomes simpler in the limit
of large damping I' )) ~E. We may then adiabatically
eliminate the excited state, and neglecting spontaneous
recoil we have the master equation for the ground-state
density operator
8p~ z p F
—+ 2 sin (q/2), pd7. K 2 v ~
——Hsin (q/2), p ) —2sin(q/2)p sin(q/2)] .
(B10)
In the Wannier state basis this equation becomes
dv. K
pm, n (E~ E~)
+ g ) Bg (m.)Bg„(n)p
Amain
77 ) Ahm (n2) mPQ+m, n
77
——) A~„(n)p (B11)
where p = (W ~p ~W ). Follovring Haake [29] vre
introduce the rescaled variables p = Km and v = Kn,
and approximate p ~q n~q m (1 + K'(c)„+c)„))p(p, , v).
If the atom is bound in the potential minimum Q vrill be
small. Therefore expanding to first order in Q and K we
find
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+ o(Q', s*))p(p. , v, r) (B12)
dp 2
—(p, v, z) ——(E& —E„)—2rl [Bi(p) —Bi (v)]
ogous to the one found by Sanders and Milburn [6] for
the effect of measurement on the periodically kicked top.
We can now read ofF the decay rate for the Wannier state
coherences in the dissipative quantum pendulum in the
limit of large damping:
where, as stated above, I', = 2gLB, (B14)
q 1/2
Kl— (B13)
It is important to remember that Bq depends upon the
energy of the wave packet. Note also that the diagonal el-
ements p(p, p) change an order of magnitude more slowly
than the off-diagonal elements. This is an example of the
separation in time scales for probabilities and coherences
for large quantum numbers [29]. This result is also anal-
where LBq is the change in Bq over our initial state.
We have estimated LBq by calculating the change in
Bi over the Q function of the initial state using the re-
lation ABz LB + LB . Here LB& and LBq are
the changes in Bi at (go, pp) over the increments ~cr„
and
~crs, respectively. For the initial state of Sec. III
we 6nd LB& 0.05 and for the initial state in Sec. IV
LB = 0.03.
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